The articulated-body (AB) algorithm for dynamic simulation of chains of rigid bodies was developed by Featherstone 1]. The most costly step in this algorithm is the computation of the AB inertias at each link which involves a spatial (6 6) congruence transformation. The amount of computation required is closely coupled to the kinematic modeling technique used. This paper examines this computation in detail and presents an e cient step-bystep procedure for its evaluation in a serial chain with revolute and prismatic joints using modi ed Denavit-Hartenberg parameters for modeling the kinematics. The result is a very e cient procedure using successive axial screws that reduces the computational requirements of the AB algorithm by about 15% from results obtained by Brandl, Johanni, and Otter 2]. The procedure developed de nes a general approach and can be used to improve the e ciency of spatial congruence transformations of other types of matrices, such as spatial rigid-body inertias (used in the Composite Rigid-Body simulation algorithm 3, 4]).
Introduction
The desire for real-time dynamic simulation of robotic systems has been shown in applications such as human-in-the-loop teleoperation where communication delays are signi cant (as in both underwater and space operations), and for hardware-in-the-loop testing and development of controllers for these systems. A number of e cient algorithms have been
Background and Notation
This section begins with the pertinent equations for the computation of the AB inertias followed by an explanation of the spatial notation used. Since the amount of computation is strongly coupled to kinematic modeling of the links in the serial chain, the last part of this section describes the MDH notation and resulting de nition of the transformation matrices used in this paper. Figure 1 illustrates the physical quantities used to compute I i?1 , the (i?1)st AB inertia at joint i ? 1 for the articulated set of links i ? 1 through N. Physically, the (i ? 1)st AB inertia is the inertia \felt" at joint i ? 1 from all of the links outboard of this joint when the joints are free to move (that is, no joint torques). This is computed with the following equation:
where I i?1 is the spatial inertia of link i ? 1 and i X i?1 is the spatial transformation matrix between link i ? 1's and i's coordinate system.
In this discussion, the spatial notation developed by Lilly and Orin 4] is used which combines rotational and translational quantities into single six-dimensional vectors and 6 6 matrices. The spatial inertia relates the spatial acceleration of the link to the resultant spatial force exerted on it. In this 6 6 matrix, the link's mass and inertia quantities are combined as follows: 
where I i?1 is the 3 3 moment of inertia tensor for the link about the body-xed coordinate system, m i?1 is its mass, and s i?1 is the vector from the origin of the link's coordinate system to its center of mass. In addition, 1 3 denotes the 3 3 identity matrix, and the tilde above a Cartesian vector signi es that its components should be combined in a skew symmetric 3 matrix such thatba = b a. The spatial transformation matrix is used to transform spatial quantities to di erent coordinate systems and is de ned as follows: 
where i is the spatial joint axis vector which de nes the motion in the joint. 
The resulting matrix is symmetric (notice the indices); therefore, only the elements in the upper (or lower) triangular portion of the matrix need to be computed. Furthermore, the third row and column are zero when the joint is revolute. The physical explanation for this is that inertia is not felt on the inboard side of the joint along the spatial dimension for which the joint is free to move. As a result, only 15 non-zero elements must be computed. The most e cient implementation of this step requires only 20M,15A] . For prismatic joints, the sixth row and column of N i are zero resulting in the same amount of computation.
B. MDH Parameters and the Transformation Matrix
The de nition of the spatial transformation matrix, i X i?1 , is determined by the method used to describe the kinematics. Since the amount of computation in the congruence transformation operation in Eq. (1) is closely tied to this, nding the best method is the key to achieving a very e cient procedure. For the vast majority of cases, links in robotic systems are attached to one another with single degree-of-freedom revolute or prismatic joints. For these, it is especially e cient to describe the transformations between links using a modi ed form of the Denavit-Hartenberg notation 6]. Details of the resulting modi ed Denavit-Hartenberg (MDH) parameters can be found in 7] (except that i and a i in this paper corresponds to i?1 and a i?1 in the book).
This is shorthand for 20 multiplications/divisions and 15 additions/subtractions.
Using these MDH parameters to model the kinematics, transformations can be represented as two successive axial (z-and x-axis) screw operations. y With this approach, the rotation matrices are maintained as two successive planar rotations about the z-and x-axes as follows: 
where i is commonly referred to as the link twist angle and i is the joint angle, and where each is an MDH parameter. Also note that s i ; c i ; s i ; and c i correspond to sin i , cos i , sin i , and cos i , respectively. As a result, the spatial transformation matrix can be expressed as successive axial screw transformations about the z-and x-axes as follows: 
E cient Congruence Transformation: Revolute Joints
By far, the most computationally expensive step in the procedure outlined in the previous section is the congruence transformation of the re ected inertia. This section develops the e cient procedure for this computation speci cally. Also because of its prevalence and use in the literature to compare relative performance between algorithms, the case of the transformation across a revolute joint is examined in detail. y An axial screw represents a rotation and translation about and along a single coordinate axis.
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The idea for the procedure comes from the method by which vectors are e ciently transformed. Featherstone showed that a very e cient method is achieved for the spatial transformation of a vector when the axial screw transformations of Eq. (10) are applied to the vector in succession 8]. That is, the vector is multiplied by X x;a i ; i and the result is multiplied by X z;d i ; i to achieve the nal result. This paper presents an analogous approach for congruence transformations of matrices to achieve an e cient procedure. That is, two axial screw congruence transformations are applied to the re ected inertia matrix in succession.
Continuing the use of the 3 3 block notation of Eq. (5), both axial screw transformations can be written the same way as follows: ) has been used to simplify its form, and the subscripts denoting z-or x-axial congruence transformations have been omitted for generality. The result of the z-axial congruence transformation is used in the x-axial transformation which has exactly the same form. Table 1 lists the nine steps that are identi ed in each axial screw congruence transformation which leads to a particularly e cient procedure.
This approach is di erent from previous approaches for transformation of spatial (and Composite Rigid-Body) inertia matrices by Lilly and Orin 4] and re ected AB inertia matrices in both the rst draft of this paper and the work of Brandl, Johanni, and Otter 2]. In those, the full spatial transformation matrix from Eq. (3) is used in Eq. (13) (it has the same form). Then only successive planar rotations were applied to the terms of the form, R T NR, to achieve a certain level of e ciency. At rst this seems more e cient since it results in only one set of nine steps from Table 1 . However, it leads to more computation because i R i?1 and i?1 p i are much more complex than that of either R z; i and p z or R x; i and p x in the successive axial screw approach developed in this paper. The following discussion presents the rst half of the computation, the congruence transformation of the re ected inertia matrix using the z-axial screw. Each of the nine steps is presented separately below and the results are tabulated in the middle columns of Table 1 .
Note that the nal result of this half, N z , requires a total of 34M, 40A] to compute and has the same zero row and column of the original re ected inertia. This will further reduce the computational requirements of the second half of the congruence transformation, using the x-axial screw, to follow.
Step A z : Trigonometric quantities. This step includes the computation of trigonometric quantities that will be required in more than one of the subsequent steps of this procedure. By computing all such quantities once, at the beginning, some redundant multiplications and additions are eliminated. For the z-axial screw congruence transformation, these involve functions of the revolute joint angle variable, : s 2 = sin sin , Also, note that only one sine/cosine pair must be computed on-line for each revolute joint.
Step B z : R T z; N 11 R z; . This step requires a 3 3 congruence transformation of a symmetric matrix with a zero row and column using the z-planar rotation matrix. After multiplying these matrices together, certain terms are identi ed in di erent elements of the result which leads to the following matrix: Step C z : R T z; N 22 R z; . As in the previous, this step requires a 3 3 congruence transformation of a symmetric matrix using the z-planar rotation matrix, but the di erence in this step is that the matrix is full, in general. This yields the following result: Step D z : R T z; N 12 R z; . This step requires a 3 3 congruence transformation of a nonsymmetric matrix with a zero row using the z-planar rotation matrix. This results in the following matrix: Step E z :p z (R T z; N 22 R z; ). This step uses the results of Step C z n C jk represents the 
Since elements (1,1) and (2,2) are the same (except for sign), this step only requires 5M, 0A] to compute. Also note that the sparse structure ofp z is a direct result of using axial screws and leads to a signi cant reduction in computation over previous approaches.
Step cluded in the model (in addition to MDH parameters). In the AB simulation algorithm, this adds a z-axial congruence transformation to the routine computing the AB inertias. Using the approach outlined here, this will only incur an additional 32M, 37A] ( is constant). These approaches to modeling tree-structured mechanisms and e cient transformations have both been implemented in a simulator developed for an underwater walking vehicle 12] . The software simulation library, called DynaMechs, is available via anonymous FTP at the following URL: ftp://cs.nps.navy.mil/pub/dynamechs. The e ciency gained by using this approach has resulted in dynamic simulations that execute in real time on SGI workstations with the MIPS R4x00 processor.
